Q

ERIC

Aruitoxt provided by Eic:

iA[

}lflé

e

-
;
. 2 -
N
:
R
o’ -

4V?C’YOCOPY RESOLUTLON TEST  CHART

’ S~
'1 A S AT J-‘? WONTANDART jtas A
[ . -
i . . —_— .
. - . <
v, .
87 e *
. - B




P

- - ' DOCOMENT RESOME

"ED 191 B85S : s ' ' TM 800 324
AOTHOR: Koffler, Stephen L.: Penfield, Couglas A.
TITLE " VNomparametric Discrimiration Based Upon Inverse .
c Normal Sccres and Rank Transformations. - :
POE LATE - 2apr 80 e BRI R T
. NOTE 34p.; Paper presented 2t the Annual Meeting of the

imerican rducational Research Association (64th,.
Boston, MA, April 7-11, 1980). ' :

ECRS PRICE " MF01/PC02 Plus Postage.

DESCRIPTORS *Ciscriminant 2nalysie: Hypothesis Testing:
L , _*Nonparametric Statistics _ :
IDENTIFIERS = *Inverse Normal Scores: *Rank Order Transformatio:n
_ ABSTRACT

S ~Two nonparametric statistical methods, the inverse
rorpal sceres method and the rank order transformation, are cempared
for use in discriminant function analysis. The methods are compared -

“fcr both ncrmal and ron-rormal distributions. When the distributions
are normal, the raak and inverse normal scores methods are effective

« substitutes for the linear discriminant function (LDF) and the
quadratic discriminant function (QLF) . When the populations are
non-normal, the LDF .methods based on the ranks or the inverse normal
scozes are more effective than the LDF or QDF methods based on the
Taw data. Finally, when the criterion sample sizes~are unequal, the
inverse ronmal sccres approach is more desirable than the rank ]
approach. When the criterion sample sizes are equal, either ¢f the
tvc rrocedures can be used. (Author/JKS) B o

7******************1******************************#*******************i*
o Reproductions supplied by EDRS are the best that can be made *

o x ) from the original document. v . *
3o A A A Kok o ook e oK K R A KR o K K oK o o ok R KoK ok oK Kk K K ok koK ok ok Kok KK




- - .' s "5 - < . -
e A AN .

o T
* LTy . \l‘.as DEPARTMENT OF HEALTH,
. ERA IR ' . TEDUCATION L WELFARE
C il :ﬁ‘; A NATIONAL INSTITUTE OF
E Kee T4, EDUCATION

. oo - B
) ' : . Y,y ® e :
i _ " A Yes BRLUMENT Has BEEN RrEPRO.
g QUEEDLB¥ACTLY AS RECEIVED rROM
A PNERE R%ON OR ORGANIZATION ORIGIN-*

~

Il
s ATING 11 BOINTS OF v) W OR OPINIONS
\s.

-

. O JO NOT NECESSARILY REPRE-

Y ‘ \{v" 5 OF 1CIALNATIONAL STITUTE OF
- g m?osmcn OR POLICY
(o0 \ : -
— .
o~ : )
—i &
g . { ) «
' ‘ . e LY
. : . < ¥ .
) = . e e . o '{:-"’ - w, ‘,_’."
. . Nonparametng'D1scr1n1_;nat1or1. Base§ Upon %‘ . :\K,,W,,
) Inverse Mormal Scores and Rank Transformations o \n‘b-),;f_- g
c . B . : . b Ll .. oY
S : - . .ot ‘o Wy O
E . - . Lt NG I £,
‘ g Voo
o ,__.‘; .\
~ ) \ . K '.‘;‘ : V_.',
1 BN C ol L
) s LA™ -’3*,,
, 3§,
N +
. . N A
R
. s .-
Stephen L. Koffler _
g N.J. Department of Education ‘ "
- - . Douglas A. Penfield
Rutgers Ilmiversity
) “PERMISSION TO REPRODUCE THIS | _ :
. MATERIAL HAS BEEN GRANTED BY ' ‘
S. KefFFElep A | .

TO THE EDUCATIONAL RESOURCES

I | |
' (‘6 S - INFORMATION CENTER (ERIC).” ' : j
Q

. .
Presented at the 1980 annual meeting of the American
Educational Research Association, Boston; Massachusetts

‘-_- | | - April, 1980 )

Aruitoxt provided by Eic:



\'» Gt .._ - o
» . £ . . .. N . T . - . F ]/
- Nonparametric Discrimination Based Upon e
) Inverse. Normal .Scores and Rank Transformations

-

Stephen-LI Kofflér ' Dozgaas A. Penfield S
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N Behavioral science decisions frequently involve the rational assign- 'ﬁ@%

QA

- *

-

ment or clas51f1cat10n of observatlons into one of a f1h1te number of pop-

ulatlons based on an evaluation of-a ser1es of measurements obtalned on
the.observations. The set of statistical procedures that conventionally

governs these decisions is known as discriminant analysis.

- 4 .
" The' theoretical basis for discriminant’ analysis was introdueed by
. . 3 T :

Welch(1939) who adapted the hypothesis testing concepts of Neymaﬁ and'Pearsoq;

Welch showed that a discrimination procedure that classified .p-dimensional
_observations Z into one of two populiyions H1 or I was equivalent to a
. - : 2 :

partitionfng of the sample space Q ihto two mutually exclusive and cxhaustive

regions R. (i = 1,2), obtained hy eva]uat:ng the likelihood ratio Functlon ' .

at 2. Z is ass]gned to I when tﬁg value of the likelihood ratio is greater
: ~ 1

~

-

than some apnropriately determlned constant «, and to 1 when the value
) : ) - . 2 . .

of the likelihood ratib is less than k.!

It is possible that the classification decision.for an dbservation coUld
be in error, Z could orlgnnatc from any population whosc density is non-zero
~“dat Z. In the two nopulatlon model ;  which will be the focus of this- paﬁer, two

errors of classlflcatlon are possible:

A

1 Thcﬂprocedurefcan_nssign"2\ro“Hf'WﬁEﬁ‘2T§ctﬁETIYVBEISHgs*tB“H;f_g
edur : Z . Z-

" 2. The procedure can assign Z to Qz when Z actually belongs to Hi,

I <
. .

! When the likelihood ratio equals k, ‘the usual procedure is to randomly asslgn
the obscrvatlons to one<of the nonulat:ons.

3

Q : . ’ - o o
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Associated with each error ;;:}'probablllty of commlttlng it (called the

probabllaty of m15c13551f1cat10n), dérioted by P(Ze¢ I | F s (h#3=1 ,2).

Welch(lqaq) showed that for the two ponﬁlatlon situation, w1th obser-

-~

vatlons drawn from known dlstrlbutlons the optimal solutlon to +he cla551f1—-

-cation problem is -

O E @D W
1~ 2~ 4 ' : -

~

4' where, f (Z) is the den51ty functlon of the 1th dlstrlbutlon evaluated at Z
Z is cla551f1ed into I -1f (1) is greater than constant K, and Ainto H if

(l) is 1ess than x, Equation (1) 1s opt1mal in the sense that it minimizes

°

P( Z ! ﬁ_ )-,K is defined as .
% ] s : : ' ~ L o
. ’ 3 h R ’ ’ i N . -~
- . K = -C , <@ (2
- Clzqz / 21q1- ) : ‘ L (2)
. . ‘ - - 4 :
where C LT #3=1, 2) is the cost o6 m13c1a551fy1ng an observatlon from

“ : t
Hj into H_ and s (i=1, 2) is the a priori probability that the observatlon
i .

.-
]

belongs to pooulation‘lli (Anderson, | 1951).

Brocedures for Multivariate Normal Distributions

. , ’q ) s i
Frequently data are collected: that are representative of multivariate

normal distributions. When the populations are-sofaistributed with known

<

mean vectors and identical covariance matrices, (1) simplifies to

: \ 2ty -u)-!s(u‘+u)z R - n) } (3)__
where Z is the common covariance matr1x and u (i'=12) 1s the mean* vector
of H When (a) is greater than log GK), Zis cla551f1ed as belonglng to 1 .

'
A




’ ! . . -

) when (3) is 1ess than log (K), Z is classdgled as belonglng to H

- \
-«Equatlon (3) is referred to as, the L1near Dlscrlmlnant Functlon(LDF)

e ’ -t
- i -

If the data orlglnate‘from mu1t1var1ate normal dlstrlbutlons w1th

N -

" known parameters, but the covarlance matrices are not. 1dent1ca1 for the two .

, populatlons * the form of the 11ke11hood ratio is quadratlc

A R R TRE AL ‘)'z £

. RS ' L[y 'S "1y - 1p.-1 _1 5 1 - 4" ‘ o
R LR RS AR og[]~ll / IEZJ ) @
'.where,u_ andrf, (i.= 1,2) are.the méan vector.and covariance‘natrix respectlvely,
~1 .
. Y
from H . Eouat1§% (4) is ca11ed the Ouadratlc Dlscrlmlnant Functlon(ODF)‘

N and ltS c1a551f1catlon dec151on is 1dent1ca1 to-that of the LDF. Ma;ks G

Dunn(1074) have shown that under the assumptlon of mu1t1var1ate normallty-

and unequal ‘covariance matrices, the QDF mlsclassrfles fewer observatlons than

wrerven

the LDF. - T T Pa——— ‘ : T

Equatlon (1) is" optlmal only when the den51t1es are known andfcompletely
/ ‘ Y
spec1f1ed It is 1nfcequent however, that researchers encounfer situation§'u

where the .distributions from wh1ch the1r data are drawn are completely

-
+

~

' speC1f1ed. Usudlly, the den51t1es'kre either completely unknown or are known

except for one or more Earameters; For these 51tuatlons, the unknown para-'

'4/

meters must be estimated from samples and procedures based on the sample est1mates

-

developed to c1a551fy new observations. '. -./

Hoel G Reterson(1949) and Fix §& Hodges(i§31) determined that the best
. - ‘ - AR
sample based procedure is of the likelihoed<ratio type where the sample

estimates repiace the unknown parameters (called "plug-in" procedures).

2 . A "~ ) e .
2 The classification constant is log (k) because of algebraic simplification.
When C12 = C21 and q = q »- log (k) = : , .

-

.5 R . .
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'1Anderson (1951) developed .a statistic that'is the sahple based analogue to
.. '
A the LOF for data sampled -from mu1t1var1ate normal dlstrlbutlons with a common
g .

but unknown covarlance mater and unknoﬂn mean vcctors Anderson s statlst1c

oo is 1n the forn of (») w1th the max1mum 11ke11hood est1mates (X ‘and S) sub-
st1tuted for the mean: vecto* and 1dent1cal covariance matr1x, respectlvely

s - . . . .
'Using a 51m11ar argument a sample based Quadratic Dlscr1m1nant Functlon is

analogous -to (4) w1tn the maximum Ilkellhood est1mates (X and S )

replac1ng the unknown mean vectors and unequal covar1ance matr1ces

AR

Procodures for Unkn0wn or Non-Norma]-Distributions-

-

§ 'The LDF and QDF are optlmal on1) when the data are mu1t1var1ate nornal

In. the past hOWLVCT researchers have’ relled upon the sample based LDF or

4 . - . .
.,

VODI to resolve the c1ass:f1catlon problem regardless of the underlylng dlst-_
ributions . of the data. Lachenbruch Sneerlnger & Revo(1973), Johnson &
Ramberg (1978) and Koffler 6 Penfield(1979) have Jnvestlgated the robustness
of the LDF and QDF when c1a551fy1ng observatlons from non- normal dlstrlbutlons
Thc three stud:es showed that when data were drawn from such dlstrlbutlons

\the proportlon of observations m15c1a551f1ed using the LDF or ODF was

substantlally a1tered from: what was expected Thus, the LDF and ODF are not

rohust ‘to_the normalltv assumpt:on and researchers could be misled bv using
-e1ther procedurc when 1nvest1gat1ng non- normal d1str1butlon<
P

Several nonparametrlc procedures have been suggested as p0551b1e alter-

_ nat1vcs_to_the_LDF—or—QDFﬂfor—non"n?rmaI‘dat “Koffler §& Penf1e1d(1Q79)

have emp1r1ca11y compared sevéral nonparametric procedures That study showed

.

that procedures such as, the Nearest Nelghbor with Probab111ty Blocks
~

(Anderson‘ 1966; F1x & Hodges, 1951; Gessaman & Gessaman, 1972) and the
. - : q ’




Py

e

e < \

Loftsgaarden Quesenherry dens1ty est1mator (Loftsgaarden & Quesenberry, 1972)

/

c1a551f1ed observatlons equally as. effectlvelv as . e:ther the LDF or ODF

when data were sampled from. multivarlate norma1 dlstrlbutlons and better than
- N7 v .

eJther procedurc when data werg sampled Arom non- normaI dbstrlbut1ons Tiow-

. ‘) 3 . . . N )

ever, thesc nonparamctrlc protedures bave 11m1ted utJ]1ty becayse thev : -

o B0

gcnerally requlre 1arger samples from each populatlon*slnce-the ent1re
denslty functlon must be estlmated rather than snmply unknown parameters. -

. Conover Géﬁ@an (1978) have suggested another solutlon to the- c1a551f1—
_ ’ . \ﬂ-w.-
.> .cation problenm, for non- normal data based on f1rst transformlng ‘the data to

- ¢
' _maki the dlstrlbutlon Functlons approx1mate1y nérmal and then applylng the -

samplc hascd LDF or ODT'to the trans ormed d1ta ThJs procedure is consider-

= ahlv slmpler to. use than the other nonnaranotrlc alternatlves and rcqulrcs

only one sten more than the LDF or ODT namcl), the ra nking of the data and

ohservataons to be, c1a551f1ed R N - .
/\ . : =

.. Conover § Iman emplrlcally constrqsted the1r suggested c13551f1catlon. : N

\

- nroccdurcs w1th other nrocedures £§nc1ud1ng the nonparanetrnc ones of KofFler &

P

Penfleld and the LDT and ODF us1n5 the or1g1na1 data) They concludcd that

1f thc data ere normal}y d1str1butcd, the rank methods performed equally

: <as wé11 as he_LDF and QDF; if the data werc non- norma .the rank transfor-
Y ~
. mation method workéd better. than the. LDF". or QDP and as well as-dny of the

: * L "\ . -~

nonparamctrlc alternatlvos In a11 1nstances, ‘the measure of performance

- e e e

g o i N
cons1dered was the overall proportlon of mrsclasslfled ohservatlons
-~ - C - P

It should not be surprlslng that the rank transformation was an-appro-

» » .

'-brié}e one—for the data. Many nonparametr:c prosedures, such as the -

‘
¢

;?ﬁ% qufney (W:lcoXon) test the Kruskal Wallls-test and the Spearman ranL

Q : : ) : ) : . S . -

R -
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order correlation, are "based upon rank transformat1one and have been shown

.

to be cffect1ve alternat1ve< to thelr paramctrlc counterparts Furthcrmorc

the rank transformat1on ha% been shown to work effectlvely dn mult=var1atc

’ - 3 s

regres<1on analys1s (Iman & Conover, 1977) and in thc ana]ys1< of’ expera-

-

K .
qcntal data (Iman, l)74 Conovcr & lman, 197 6).' LT e
2 . ' ' o c- ’ | -.‘_:,'
' : - . o e e » - . s -
Normal Scores Type Transformations - -

- .. *

.. A natural cxtension'of the'Conover & lman (l9786 Study. inVolve<‘the”

investigation of alternat1vc.transformat:on< that could .be USCd td cffect:vely

3 -

cIa<s:fy data from all types of d1str1butnons 4 ,i" _ ‘;' ;":ﬁ’i
The normal <corc; ,transformation is one thdt ehould bc ccn51dercd This .
. . ,ao' 2
} type o:'trnn<formﬁrlen déerives its valucs from various properties of the normal
15t;1hh;1on. lwovforms of the transformation are usually considered:
the expected ho:mal ofdef_statistic (Hoeffoing,AIQSI; Terry, 1952)‘andhthe
inverge norﬁal ;cofp‘(Van defYWaerdcﬁj"lQSZ, 1953, 1956). |

-

Té@?é based\go'norhal scores tronsformationslhaye not hecen used as
3 ucotlyoéS'thosc haSed upon ranks. However, the results from those inérances
whcrc <uch tr1nsfo§matlon9 have been applied suggest that they have utility

in a numbcr of-<]tua£10n< eneC1f1cally for d1<cr1m1nant analys

' lhe eff1flencv of onc test (T ) relative to anotheo (T ) can ho deter-
mlncd by comparlng thc.ratzo of n /nl, whcrc’ni ls.the\§ample size of_Tif

(r =1,2), undcrvtheucondition that hoth te<£< arc uscd to test a specific
hypothesis, have Jdentngai_g and B levels and, thcreforc, are comparable
Wlth respect to level of 51gn1f1cance and power (Conover 1971). .

le>t< based upon the normal scores tran<formatlon have been exten<]vely ~

used for the k- -sample locat1on problem (k > 2). Tor the two eamnle problem

. ~

Q e o | L | 8§ -
ERIC : ' -
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" the Mann- WhltDeV (ercoxon) statistic has an eff1C1ency relatlve to the Y

. - /‘

.' ,/
-test of 95 S for normal dlstr1but10n< .100% for uniform dlstributions;

“ -
‘e . - —

_andmay b’ infinite for ather distributions.

e ! -A-siniléf test which utiiiieg_a normal s¢9res'tran§formatiqn has ‘an
;;ymptotit'felafivc éfficienéy tb'éhe t-test“bf 100?.when the t:test
~aS§umption§ aré safisfiéd, and greatsr than 100% when the t-test assumptions

afe viblaféd ' The normal scores kest is more eff1c1ent than the Mann- Whltney
jﬁWllCOXOD) te<t when thc dlstrlbutlone break off abruptly (e. g uniform or
exponentlal), thc rank tcst is more eff1c1ent for .distributions with heavy
.tails (e.g. loglstic or Cauchy); and there is essentially no difference
between the two tes;s when tﬁe,distributions are approximagcly normnl
(Lehmann, 1975). . \\\\\K - |

Uch k > 3, the Krnsxal Wallis E;st is generally used when the aseumptlons
of the one-way analysisvof variance F test are not satisfied. Hajek &
.Sidak(1967) dbriipd'tcsf statigfics‘bascd upon expeccted normal order sta;istics
~and inverse nbrhél scorcs; Phri(1964j showed that thec asymptotic reiatiVe

cfficiency of Hajek & Sidakfanormal scores test relative to the Kruskal-

© Wallis test or to the Fitest is the same as that of the two sample normal

scores test relative to the Mann-Whitncy (Wilcoxon) test or t-test. Further-

more, Pratt(1964)‘has shown that these normal'scoreq teStS are far leée sen-

sitive to non- homogenc1ty of varlqnce than is thc F test’ _or _the Kxuskal-

Wa111< test. ' B | T .
- - \ ) - >
Bccause of thc efflcacy of the normal qcores transformatlon for the ~

N . ;
‘location problem and its euner1or1ty to the rank transformatlon in certaln.‘ 2

<~

situations, it is of valuc to dctermlnc whether procedures baseﬁ on theee

.

Aruitoxt provided by Eic:
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*‘transformations can be used to resolve the classification problem for data - -

sampled from non-normal distributions. A natural extension ;o_the Conover § -

Iman(1978) study is.an investigation of the effectiveness of classifying - ..
+ observations with the LDF and QDF based.upon a normal scores traﬁsformetien.'
. The purposc of thec rescarch described in this paper is to emp;rlcallv

‘contrast cla<91fleaflon procedures based on normal scorcs with those based

upon ranRS'and upon the original data when the data originate from both

normal and non-normal distributions.

Methodology - _ . .
To ecstimate the LDF .and QDFjparameters, criterion sampies of varying

sizes were gencrated for four types of two dimensional distributions. The

o
~

four distributiors considercd were the bivariqtc normal diStributioﬁ dnd non-
~ﬂorma1 representatives from threo classes of distributions: 1) finite range
-(loglt norww]), 2) semi-infinite rangc (10n norwal), and o) 1nf1n1te range

(inverse hyperbolic sine normal) In.all instances the two d1men<10n< were

]
N -

-

indcpcndent.

The three non- normal dlstrlbutlons were generated from the Johnson(1940)

Y

'systcm of dlstrlbutlonc To obtain the required non-normal samples, normally

disrrihbted random variables were generated and then the appropriate inverse

: transfbrmatidh'applied.'Thc Johnson system of tran<fornation§‘ie summarized

in Table 1. In Table 1 the varlablc X is normqlly dlqtrlbuted whn]c the

.var1ab1e y is dlstrlbuted accordlng to the approprnate non-normal dlstrIbutlon
An algorithm hy Ramberg.a Schmelser (1972), based upon.the inverse function'

of the, lambda distribution, was used_to gencrate the normal deviates. Random




v . -9- '
deviates from a uniform djstribution were nceded to obtain the normal -
devidtes. A mu1t1p11cat1ve congruentnal procedurc developed by Kossack &

- Henscakc 61075) was used for this purpose :

-

AT 7\/;"/\ ~ TABLE1 . | 5
N TRANSFORMATIONS (ANJ THEIR INVERSES) o
THAT GENERATE THE JOHNSON .(1949) - . = .
SYSTRM OF DI@TRIBUTION% : L
DTSTﬁIKOTION-, : o TRANSFORMATION . INVERSE
. ‘ ) ‘ -‘_ . ‘ ) . L4 . ) * °
L.og Normal .y =log x . - 0<x<™ : x = EXP (y)
Logit Normal- ULty = log(x/1-x) 0<x<1 x'=EXP ()/ 1 + EXP (y)
-lnvcrse-Hyperbolic Ty s Sinhfl(x) -m<x<®ff X = Sinh(yv) -

. Sinc Normal

by

- ; - . . A
. - .\ § * . . . . - . .
o - - 4 o

. The vaar1ato nornaL-d1<tr15ut10n< that“were uscd to genErate the
non-nornal samw]c; " for ﬂ and F cach had thc 1dcnt1ty matrlx for 1ts
“cqvarzancc-matrnx, ic mcan vector for ﬂ was (u 0) and for H it wasié)

‘.iO;O). For  each of the four d1str1butlons, samples were generated for each
cowb:natlon of'samp]c size [ Tn- om, ) = (8,8), (8,27);‘(8 64), (8, 200)

(°/ 7) (27, 64), (27 2 ) (64 04), (64 200),‘(20 200)1 and f:rst componcnt

i s
\

of the méan vector for ” ( u'- 1 ] In total there were samples drawn from

e e e b L )

twcnty comblnatzons of (n ,n ) and ﬂ>for each dlstrlbutlon

3

The samnle based LDP and‘QDF wcreuuscd to establlsh the classlfzcatloﬁ

rules, assumlng equal costs of m19c1as&1f1¢at1on and equal a prlorlqj

3 These values of n1 nz, and U were selecred to parallel prev1ous Stud1e<
Jnc]udlng those of Conover 8 Iman - (1978)?and Koffler G ﬁ%nfleld (1079)

“ - "\-’




Sro- .
“ R - T o
probab111t1es of group member<h1p G. c. log (k) = 0) A< preVJously

'i.‘.outllncd both the LDF and QDF 1nvolve thc est1matlon of the populatlon means
‘and the covarlancc matrlx (elther pooled for thb "LDF or‘separate for the

"QDF) from the crlterlon samplee These estlmatbd va1ue< are then substltuted g
'1nto-(3) and. (4). . The paramcter estimates for the LDF ind QDI werew .

3'obtalned in three ways, u51ng thc raw data, the ranks o the data and t?

correspondrng 1nverse normal Scoree _ .
s . : .
: Oncc the LDF and QDF varameters were estimated ror each ‘combination Oxu-

'

‘qanplo size and Frrst component of thc mcan vector: for ', . index

»

- 4

'qanplc< conslstlng of IODO new observatlon< from each or1g1na1 nopulatlon

.
.
.

were goneratcd For each data polnt the rank and thc inverse normal score
- were. connuted ach value. of thc 1ndox sample< was entered 1nto (s) and
(4) and the clas<1f1catlon of the valuc determlncd The proportion of mis-

'c1a<51f1cd ob@crvatlons for each sample and over all qamples was obta1ned

In all there were- six c13551f1cat1on methods studled (the LDF and QDF based

', on the raw data, ranks, and 1nverse normal’ scoreq) ‘ .

Y

The process was repeatcd 20 times. . Thus, thc populatlon parameter\

.,‘_ ~"

werc estimated. 20 dlfferent tlmes and each tlme 2000 obeervatlons were
) claﬁslfzed The cqtrmated prohablllty of m15c13551f1catlon for each samplc

;ha% ha:od on 20,000 oh<ervatlon< and the ovcrall estimated nrohahvl:t:c< of

quc]a<<1f:catlon were ba:ed on 40,000 c1a551f1cat10n< for cach conhlnatlon

of n ,n_,,and T : : L ' L o
]V 2 . . b- . " g “‘ * ) .

. . ‘\.
v P

4 The inverse normal score< transformatlon d1FfCr< little from the

_expected normal order statistic transformation. The two transformatlons )
are asymptotically equivalent and structurally identical . (McSweeney &
Penfield, 1968). The inverse normal <core< transformataon was used because
-of 1t< ease of computatlon s .

.

|

> All computer prqgrams to’ generatc the data and classification procedureq

were written’ 1n the FORTRAN IV programm1ng languagc : L

N T

i o S
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To obtain the ranks of the data, thé two criterion samples of size

'n and nz'were'combined. All observations in each of the two dimensions
1 : - .

were then replaced by their corresponding-rank;‘fank 1 for the sméllest

. observation to rank N (N=n + n ) for the lg;gest observation in each
. 1 t2 -

. . Ve B9 - o . /.

dﬁmension. Each dimension was ranked separately and ranks of tied obser-

. -

vations were assigned randemly:

Lo P ~ ) .-._., . . .
+ . To obtain the.rank for each of the 1000 observations in the index -
samples, each new. observation was compared dimenSion‘by dimiﬁsion with

all N originhl observatiohs. For each d1men51on oF the rew observatlon,
' ;the original Gcorc was replaced by a number obtalned by linear 1ntervolaﬁson

= -
.. .

between two adjacent ranks from the orlglnal crlterlon samples. These

»

- interpolated ranks represented the placement.of thdt dlmension amohg'the

corresponding values of the samc dimension in the N criterion sample . .

2 . - - -

. . . -
. "Observations. (Conover & Iman, 1978). ,
The derivation of the Van der Waerden inverse normal. scores transfor- -
mation is based.upon the ranks of the &atd. For this transformation, assume

the %aﬁk'of thc-ith_iérgest observafioniin-a particular dimension is
dénoted 5y R. and ¢(X) repregents the cumuiafivc digtribution‘function oF
a standard normal random varlable. The Van der Waerden transformation is
‘derlvod first by d1v1d1ng cach of the ranks R by the quantlty (N + 1)

“This create< a d1<2;]but10n of- sc0re< in- the 1nterva1 (0, ]) Then, by con-
*

'51der1ng¢R_/(N + 1)-as a percentlle of ajnormal dlstrlbutlon R
i - o ) :

(i.e.‘¢(xif = R_/(N +,1)),'the»X values can be determined by performing
- 1. N .

the'invefsb operation. That is, if ¢(X ) = R /(N + 1), then

38 form the Van der Waerden inverse normal scores.

) - s e

cg=l ’
~. X =e (3i/(N +1)).

Q . . . e \'
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Optimal Probahility of Misclassification

- ﬁor each'of the,distributions it is‘pOSSible to dctermine thc

optlnal probab111ty of misclassification (i.e. P( Z e H | H -}, when the

populatlon parametcr< are completely sPcc1fJed and the dlstrlbut1on<

- known).s Ancer@on (1951) haq shown that rhe ontlmal prob351111y of mis-

'c135s1f1cat10n a<<oc1atec W1th t&:\;Jl is denotcd by é( A[Z), whcrc A2

'1< the Hahalanob1< o:qtance between the two populatlons 4 91nce the multi- —
var:atv norndl d1<tr15ut10n< in the pre<cnt study were 1ndencndcnt and

the only non 7cro mean component ‘is y, Az <1mp11¢1e< to u? .Hence,

N ¢ . . . ’

0(-8/2). = o(zu72). ‘ T

The corrcéponding,va]uos for the optimal probability of nisclassifi;
cation for the bivariate normal dist{ihutiong unoér §tudy arc_@(-l/zi-;r0.3085'
-dndfé(—Z/Z) = 0.1587. Andchon(lQSl)'nas shown thaf the LDF ninimize<~the
<um o€ the 1nd1v1cua] probab111t1e< of m1sc13551f1cat1on (1 e. P(1/7)+P(7/1))

In the case of multlvarlatc normal d1<tr1butlon< this occurs—when

P(1/2) < p(a/). S ST .

Since the nonﬁnormal data were Obtained from non-linear transfornations

of data drawn" from blvarlate .normal dlstrlbutlons, those data can be trans-

\/ e

formed back to the bivariate normal distributions by perfbfming the invcrso

> operation. The optimal classification procedure for the non-ndrmal data

. 1involves transforming the data to normality and thcn apn1V1ng thc LDF.

Thus’, thc optlmal probablllty of nleclaSSIflcatlon for the non- normal data

is lcentlca]'to that of the original bivariate nbrmal.distributions, -

o

S For simplicity, let P( Z ¢ LA = P(1/2), P( 2 el | 1) =P/

and Q% the overall error rate.-
7 This is truc when there are equal costs of misclassification, equal a
priori prohabilities of group memhership and completely spcc:f:cd multi-

variate norma] distributions with cQual covariance matrices.
T .
O ‘ . 1 4 . e ‘. ' L
ERIC : o ST N -
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Fofieach.COﬁbination of nl,n , aﬂd U, the pronortion of mi sclacqlfnec
”ooservatlons n(1/2), P(Z/la//and P were determ1ned and served as.the per—
formaﬂcc criteria and means of compa*1son among the six procedures 8
leen the ontlmal value< for the probabilities of szclaSS1f1cat1on the

effectiveness of the six sample based prodedures can be determined by com-
paring the prdportions of misc]assification to_the ohtimal ?ate. The

‘.‘-. oy

enﬁlrlca11y dﬂterwlned proport1ons of m1<cla<51fncat10n are e§t1mate< of <:>

Ad

the eptimal values, and the proccdure that prOV1des the -best estnmates is

A

-con<1dercd to hc most, c‘Fectlve
’ .

-

Two cr1terna for comnar1<on were’ con91dered . The f1r<t was the relative

’

o4

-d1<pa*1t) betwcer p(1/7) and D(?/l) for each, of the procedures._ The .
g - o . ' :
~smaller the‘dlfpgrity, the. more eﬁfectave-the.procedure (assuming that- the
S Y . . - . - N : . - . )
. v . ; ~ oo . .
overall prongrtion of misclassificd obsérvations’approached,the optimal : 5

7 .
probability). The second cr1ter1on wa< the ove*all error rate. These values_- .

‘were. coppared with tnc.optzmul valubs‘ana a close agrcement indicated-an
k3 . 1 ~

ffective procedure. 70<f< of nroportnon anu a<<oc1ated post -hoc procedureq

>

(Marascu1lo, 1966) were uscd to analyze the da;a. It 15-1mportant to note

-

that in manyv iestances while the differences among the proportions were
. . - ~ . e . - )

>

‘sméll, they were 'statistically significdant ‘(p < .05).

“Results

a
oA

. The results for cach of the four distributions are presented in

'

. Tables 2,4,5, and 6.° An cxamination of the tables shows that the

a - .
o . . .

——

8 P(1/J) is the cmp1r1cally determined estimate of P(i/j). P is thc overall
error ratc and is.cqual to [P(1/2) + $(2/1)1/2 because equal numbers of
obscrvations were classified from each sample. These estimates represent

- the average proportion of misclassified observations for the 20 trials.

? The following abbreviations are uscd for the remainder of the paper:

LDF = LDE procedure based on the raw data; RLDF = LDF procedurc based on

‘the ranks; ILDF = LDF nrocedure based on the inverse normal scores. A
“similar set of ahbrev1atlons are used for the ODF procedures. e

ERIC - ) 55 ' .
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proportion of m1<cla<51f1ed obeervathns for thc rank transformation or
for the .inverse nofmal scores transformaflons was 1den£1ca1 for a11 of @he
distributions.ﬁ This is to be expected since the non-normal data wefe :
derived f%om monotonic tranéformatioﬁs of the normal data. bBecausc~of

/ - the .monotonicity of the tran§€ormntions; the order of the data, remained

unchanged regardless of the distribution. Therefore, the ranks and inverse
nornal scores of t1c orlglnaT data ‘were unchanged _the sample estimates. .i_‘
. F .3,.1. - - B : ) A' .- . . PR
of the population parameters were likewise unchanged, and the classification
. . . JERE . . B : -
L. o N ; :
decisions were identical. , B A ‘

_ Normal Distribution . o ’,<; o . . .

s o~ : ARy L
Table’2 presents the results for the bivariate normal samples of data.

‘For thesc data, it was expected that the performance of the TDF and Qh¥

‘. should be almost identical becausce the covariance matrices were estimatcd
£

_‘rcn uowulat10n< botﬂuhav1ng the_Jdcntxtv covarrancc—matrrx—-“qup )y —

1t is ev1dent that when rhc two covar]ance matrices® are 1dent1ca1 the” |

QDF is equ1va]ont to the IDT
PR _ _ -
ve=1 _ S

Yhea n = 8, the threc procedufés‘hased on the LDF had approximately
1
: _ : ~
tbe same overall pronortlon o‘/m19c1a991f1cd obbervatlons and’ dlecrepencv

!
of m1<cla<<1f1catzon was 51pn1f1cantlv preater than the optimal value of

'bctwecv P(l/’) and P(’/l) ' In all cusﬁs tnc estlmated overall pronortlon

0.3085. This resul't was not, uncxpected since the;samplc-mcan and

covariarce estimates for II were based upon cight observations anc thus
1 . .

had¢ a large standArd error.

-

" The three procedures based on thé QDF misclassified conSiderably more

Aruitoxt provided by Eic:
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J " . . .

: ~  obseryvations ‘than thgse hased on the LYF. The fact that the covariance

matrix for I was based on so few observations also provides an explan-
. Al ’ ’ .

a

ation for-thc large;d' fefences\betwcen the LDE and ODF type proeedure<'—

¥ the pooled samnle covarlancc matrix was"probably very dlfferent from the
senarvte covariance mitrices. : - -t

. -

Whon n =n '> 8 ,a]] six nrocedure< n1sclas<1f1ed approx1mate1y the
1 2 .

same proportlongor oh<ervat10n< and were approx1mate1y equ1valcnt to the ~ .

v - -
3 .4‘.

-opt1ma] valuc. ‘ln-aI} Case§ “the* dlffcrencc between T’(1/”) and P(“/l)

T was “smallest ror-&hc LDF" ba:ec on thc or1g1nal data, howevcr ‘the dis-
- e,
crcpencv ror Jll of the proccdnree was similar. : L

v~ ’ . - -

P Whon {n ,n') =~{27,w4\ or (-,,bﬂ“), the threc Iﬂﬂ nrocc;uro< w1n1r120d
. : : 17,2 . 5. .

hd . Kl Y -
.fhc-nrnnorfion OftmiECIGSijied«OﬁSCIVGtiOﬂS‘ however; the {ronortlon of .
. ‘7.;\ o o

——— e ceee ;, T N M . ‘L.. e —— \

. ovowakj error\ “for tkc»tnrec QD' Drocedure\ did not differ substantially S

R . N . . . .

a

- ;_ *from™ the onc<“or thchDT, espgcia]lyfdbr ihe RQDF. Wheg n = 27 and n. = 6{,

L. thp diffcrcnco}hgthen.ﬁfl/fj énd 6(2/1)-wés_ﬁgproximaté}y_equaf"for all of
thc_pfogggurpgi Whéﬂtpi‘% Z?uangin2;= 260,'§h§ diﬁcfepéﬂciqs‘ﬁereismdlleéf

'femz:qulthg;rhﬁ#rggd”TQDF..HOWQVCI; fione of the prdcéduréﬁ exhibited distfepcncies

x . N . P

o that wEfé3eXfonsivc thr'(n ,N ) (64,200, a)l'of’the prdcedurcs were .~ —
R -eﬁxxlb) as effoctlve in tcxm\ of thc OVCT11] error ratc. For thc relative
- F e .

;;: djecrgpgncy'bctwecn P(IQZ) and P(Z/l the LDR and QDTI asee'on the orlglnal

dara m1n1mlbod the dlf‘bronco, while tbe RIDI and RQDr exh1b1ted a relatlvely

B

-~

' sevcrc 1nf]at§on/gcf13t10n nHenomcnon (i.e. P(1/2) was considcrably smaller -

~ than thc optlmal value while P(2/]) was considerably larger).

There was less of a disparity among the six proécdures when ¢ ¥ 2

. I3
2 . »

Q ~l£; o | o . ."
[ERJ!:‘ . : .
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than when_u = 1 for the hivl iate normal data. When n.1 = 8,:the?three~

precedures based on the LDF were again most effective in minimizing the

overgall error rate. However, for the. two 1argest'va1ues of.nQ;Xthe RLDF;
' ~ ' ) : : o ' o
procedure was not-as accurate as the LDF or ILDF. Additionally, the dis-

~

crep cy between P(1/°) and P(2/1) was con51derab1v 1arger for the RLDF

than for the” LDF. or ILD“ . o N o o N ' ”

-~ ) ] ‘. B - R -
- Whenn =n > 8, there_was no appreciable difference among the
: 1 2 . : ' .
: . ~ b ]

overall error rates or the discrepencies between P(1/2) and P(2/1) for

the~six'brocedures. "Additionally, as the_Sample size increased 5

\-

apprbachcd 0.1587, the optimal error rate. For the situation when

B

n -#n , there was no dlscernlh]e leference among the overall error
1 2

ratcs-when (n ,n) = ( 4)~or C64 ,200) however when (n (2?’;00)'
20 .

-

thc M.DT and RODE c1a551f1ed ]arger numbers of obqervat;onc 1ncorrect1y than
the othcr four procedures. Add1tJona’1y, for all three of these sampr

51zes, the RLDT and RQDF dlscrepenc1es were 51gn1f1cant1v 1arger than the

) d:<crcpcﬁt) for the other four procedures. ’

v

§ummary

e - 4 . . :
As expected, the LDF based on the original data proved to be an- effective
. 5 7 . .‘;1. ' . .' ~ - .'-
classification'pr0cedure'for the bivariat€ normal. data. Furthermore”

.

s f\aq _the sample 51zee increased, the QDF effect1Ve1v c1a551f1ed the data y

becausc the. separate covariance estimates and poo]ed covarlance estimates

began to converge to the identity matrix.

\

In all 1nstances, the RLDF and ILDF proved to be as effec31ve as the
LDF The only exceptlon to thls occurred for the RLDF when the sample

. sizes were most disparate. When the sample sizes were equal, there was no

, O..




L. . . . X . ) ;-

A

dlscernlble dlfferente in the c1a551f1cat10n ab111ty of the three
LDT methods. LT o BN .~ S
. e .

. Non-Narmal,Distributions _ : _ ' ' . ' -
. = = . . o - . - '
* " 'Table 3 iltustfates the'means and variances for each dimension of the

-;. .. three non—normal dnstrlbutnons Clearly, the vari

ces for/H , are -

markedly d;fferent from that for ﬂ for. each o the non- -fiormal samples
" g - o .
The d1fference between thetwo populations is only ta-thc first dimension

of the mean vector,'however, this affects the entire'classification' C

3

process througﬁ the samplc’ covarlance matrlx. It was therefore approprlate
yo> - ,

to consider c1a551float10n accordlng to the QDF procedurc for- these data

-

_ Regallmthat ‘the prqcedures'based upon\the.ranks:andtthe invcrsé,normal'

scarcsa&ere_identiéal for all-of thc.non-normal distributions and for the
. _ : ) .

. b%variate_normal.distributions;because the, transfbrmatiohs were mbnbtonic. g
e Recaugé o} thatf\ths three -non- normal ddstrlhhtlohs can be con51dered .
‘ togcthor w1th respect to'the c]asslflcatlon of the 1ndex data based on thg E$
: C . -
*ranh and 1nvcrsc normal scores procedures. Th%y must, however, be considered

-\ - A < 4 -,
senaratelypw1th respect ‘to the hPI and QDF based on the orlgyg%é data

_ An examlnatlon of thc results revcals that .the, LDF and QDF
. : . -
both the log normal ando:nverse hypbrbollc sine”normal data slmllarly,

.: L _" 4 o ’

wh11e they c1a551f1ed thc 1og1t norma] data é;fferently from the other .

a551f1ed )

two hat similarly to the ‘bivariate: no;aal data chce the results for the

‘

c1a551¢1cat10n of the log normal and inkerse yperbollc sine normal‘data

w111 be-dlscussed'tOge her and theﬁlo jt ormal-idata separately.'l

Ir}

o | - i 'l | | 231
ERIC - |
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TABLE 3 -

MEANS .AND VARIANCES OF THE NON-NORMAL DISTRIBUTIONS v
FOR specrrzrn MEANS or THE VCQMAL DISTRIBUTION o
(o = 1) - s

. ‘ - 2
\ o n, ol .
0. . 1.65 . 4.67
1 . 488 34.51
2.+ 7 : c. 12,18 - 255.02
} s N . 1\ o~ . - ) ) ‘
. . Logit ¥ormal - . .
. ) 2 d >
Hy ' M, %x .
20 'o.ia . 0.043
! 0.7 .- - . 0.029 L .
2 0.84 - 0.019 O\
\ Pl : . M
: i . - -.
. ] ] \ N - . ] . i i . K . -
. : .Inverse Hyperbolic Sine Normal . o
- . . : i , .(
[ . y . . . 4 X - ... Y x 4 ] .. .

: el 0.00 3,19 g -
o1 . ©t g t. T 1.94 9.65 ’
oz .. 5.98 A 4>4.63\‘; o

— — — ' £ — —

"SOURCE: Lachenbruch, Sneerlnger and Revo. Robustness’ ‘of ‘the Llnear and .

Quadratlc Dlscrlmlnant Function to Certain Types of Non-Nornalxtv
Communications in Statlstlcs,\1913 1, 54.

- - . St =

ao; is the variance of the underlying normal distribution.

L

E is the mcan of the underlying normal distribution. -
6X‘i$ the. mean of the transforme€d non-normal variate.

0? is the variance of the transformed non-normal variate.
X . .

‘o
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P4 . . .
Log Normal -& Inverse Hyperbolic Sine Normal Distributions

-

. The results for these~data'appear in Tables-4 and S. for_all combie;;

ations of §amp1e size and u, the LDF and‘QDF based on the origiﬁal data‘'
T 51gn1f1cant1y m15c1a551f1ed more. observat10ns than the procedures based upon
N

. %he rank or inverse normal scores ‘transformatiods. The LDF and{?DF based on

the or1g1na1 data further exh1b1tcd a severe 1nf1atlon/def1atJon effect.

The LDF and QDF were .clearly 1napproprla¢e for thesc types of.non normal
ydlstrlbutlons Thus, the remalnlng dlscu5510n will con51dcr“on1y the four -
. . _ o,
nonparametric procedures.

1=
n
—

n

- - . -

For n = 8, the RLDF.and ILDF'procedures minimized. the overall ,
1',~ -

“érror rate; for all ot&?r comb1nat1ons of sanplé/;lze, a11 of the four S

nbnparamctrlc procedurcs were eq ly as effectlve w1th the exceptlon of

.the IQDF when (n',n:j ='(27 64)vor (25?500) The 1nf1atlon/def1atlon

-~

effect related to, the dlscrepency between D(1/2) and P(°/1) was smal’e:t

' for the IIDF however -in most instances, " there’ was little d1fference

- . L . «

among'the four procedures,. <

i was_essentiaily identical to the

s the RLDV and ILDF were most effectlve

~

- pattern when.u = 1. When n =
, - 1

in mlnlmlzlng the overall errgr rate. As thc sample-51ze increased, the

in terme'of P and P approached

four procedures became indistin ishabl
the optimal rate of 0. 1587 However, upon - examlnatlon of P(1/2) and-
P(2/1), it bccame apparent that the 1nf1atlon/def1atlon effect was substah-

tial for both the RLDF and RODF “in’ many 1nstanges. _The dlscrepency ‘for

S
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the ILDF and IQDF were approx1mately the same and smaller than that for’

“‘the rank type procedures

.Summary '

-For these types of mnon- normal distributions, the LDF and QDF based

upon the original data were clearly 1nappropr1°te as a c1a551f1cation
Rrocedure. The proportion of misclassified-observations was substantially
larger than the bptimal rate, and also'substantially larger thah the owerall
error rate.of the nonbaramctric procedures. The: discrepency between 5(1/2)

N .
and E(Z/I)vwas substantial.

 When u = 1, the procedures based on the ranks ‘and on the normal 'scores

were approximately equal. As p incrcascd (3.e. y=2) and the. distance

1

. 2 :
between the two distributions increased, the.procedures based on the

inverse nornal scores transformation cla551f1ed thc data more appropriately

based on the criteria of p(1/2) (2/1)

Logit Normal Distribution _ I . oo

Table 6-presents the results for the logit normal distribution As
outlincd prev1ously, the results for ‘the' rank and normal scores type
procedures were 1dent1ca1 for al] of the distrlbutlons Therefore, the only

difference concerns whether the procedures bascd on the LDF and QDFdfor the

-

original data were anproprlate for the data. For the logit normal samples -

the LDF and QDF c13551fiec ‘the data equally as well as “the four nonnara-

metric -procedures. In fact, the results for this distribution were almost

N

T . . : . .
identical to the results for the bivariate normal distribution. For that

" Y

Teason, a discussion of these results is omitted and the reader should

consult the section outlining the bivariate normal results..

~
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Conclusions . _ L e o

. With samples drawn £rom blvarlate normal dlstrlbutlons with equal

covarlance matr1ces, the proportlon of observatlons m15c1a551f1ed us1ng

the'LDF procedurc based on the,ranks or the normal scores of the data was

not considerably different from that for the LDF based on the original

_ data. Furthermore, the RLDF and IOQDF proportions of miselassification

&

were almost equivalent to the optimal values in the bivariate normal case.

Hence, it is to be expected that they would also be approx1mate1y equal to
the opt1ma1 value for tHe non- normal 51tuat10ns because those procedures
are not affected by the transformatlon from normallty - ’ .
For the non-normal dlstrlbutlgns, the LDF,and QDF Were.qlearlyiinappfop-
riate. They tync ef non-ndrmality,ﬂowcvef,anpeafed to have some effect- g

on the performance of those proccdures. The LDF and QDF suffered least

when.the distribptdon was bounded above and below (i.e. for the finite

-

L 4

range logit normal'distribution). ern/thc range was semi;infinite or

1nf1n1te, there was substantlal incfease in the overall error rate and the
B . . "Y.'
inflation/deflation was considerable. ~.

A diseussion'of sample.size is appfopriate. With thevnormallyddis-'
tributed samples, little was gained by u51ng sample sizes largcr than

27 for any of the procedures. This was also true for the procedures

based on thc ranks and inverse normal scores for ‘the non-normal data.

v_ThlS result contrasts w1th the nonparametrlc methods studied by

Koffler & Penf1e1d(1979) whlch requxred a fa1r1y large sample size and’

showed 1mprovements as the sample size increased beyond 64.

4

«When n1 =n , i;%.‘the sample sizes“for estimating the density
2. L F - A . DA

function parameters were equal, the four nonparamétric procedures classified
: ° = : ! . -
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'.the data equally as well.

'data

When the populatlons are non- normal

~ When the sample 51zes were unequal the procedures

: based on the inverse normal scores tended to more effectlvely c1a551fy the

For those 51tuat1ons the procedures based upon the ranks exh1b1ted

an 1nf1at1on/def1at10n effect

-~
.

*Inysummary, when-the distributions-are'normal the ‘rank and inverse

[ 3

normal scores metods are efFect1ve subst1tutes for the LDF and ODF

the LDF methgds Based on the ranks

-

or the 1nverse normal scores are more effect1ve than the LDF or QDF methods

- . .t . -

~based on the raw data. Flnally, when the cr1ter10n sample-512es are uneqpal,

the inverse normal scores anproach is more de51rab1e than the: rank approach.

When the cr1ter10n sample 51zes,are equal elther of. the "two procedureq can

1 - <

be uqed o - o -

Y . . . - R
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